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Approximate pairing properties are proved for the Hartree-Fock solutions for highly
symmetric heteroatomic molecules. These molecules have an alternant topology and are built
from two kinds of atoms in such a way that by an operation the atoms of one kind go over
into the atorms of the second kind and vice versa.

Es werden genédherte alternierende Eigenschaften fiir Hartree-Fock-Lisungen hochsym-
metrischer heterocyclischer Molekiile abgeleitet. Diese Molekiile haben eine alternierende
Topologie, sie sind aus zwei Sorten von Atomen in solcher Weise aufgebaut, da die Atome der
ersten Sorte in die Atome der zweiten Sorte — und umgekehrt — transformiert werden kénnen.

Des propriétés d’accouplement orbital approché sont prouvées pour les solutions de type
Hartree-Fock des molécules hétéroatomiques hautement symétriques. Ces molécules ont une
topologie alternante et sont formées de deux classes d’atomes de telle sorte qu’il existe une
opération interchangeant les atomes des deux classes.

Consider a conjugated molecule with two kinds of atoms A and B, in which
atoms B are the nearest neighbors of atoms A and vice versa, and for which there
exists an operation B which interchanges the positions of atoms A and atoms B.
The molecule has an alternant topology. The numbers of s-electrons Z, and Zg
contributed by an atom of the kind A and B, respectively, are related by the
relationship:

Zy+Z3=2. (1)

Triazine is an example of such a molecule. A reflection in the plane, perpendicular
to and bisecting any C-N bond can be taken as R. The z-electron approximation
is assumed.

If the Hamiltonian of such a molecule is A 1> the Hamiltonian for a molecule
obtained by application of R is RE 11?* =H o~ In particular, the Hamiltonian Hy,
corresponding to the Hiickel approximation, together with the operator RH hﬁ—l,
fulfill the equation defining the pairing properties (ef. [1]):

ﬁlﬁﬁhﬁ‘l + ﬁhﬁl = 2k.§1 (2)
where
oa+ o= 2k 3)
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and

By =Lj—Lg. (4)
xa and «p are Coulomb integrals for atomic orbitals on A and B, respectively. Lx
is the projection operator into the subspace of the atomic orbitals localized on the

atoms of the kind K(K = A, B).
Thus the following exchange relation holds:

RIa+IpR=0. (5)

Thus, to any Hiickel molecular orbital | &> with an orbital energy e there

corresponds a molecular orbital RB; |¢) = — B,R |¢> with the orbital energy
(2k — ¢).

The atomic orbital B is labeled j, if it goes over into the atomic orbital A
labeled by 4, when the operation R is applied. It follows from the pairing properties
of an even molecule that

P+ 2% =20 (6)

where pf and pY; are the bond orders obtained by the Hiickel method.

The Theorem 1 of paper [2] (cf. [8]) formulates the exact conditions which
garantee that heteroatomic systems with alternant topology have pairing proper-
ties in the Pariser-Parr-Pople approximation. Here I will show that the solution
of the Hartree-Fock problem in the Pariser-Parr-Pople approximation for the
kind of even conjugated molecules described earlier can have approximate pairing
properties even if the conditions of the Theorem mentioned are not fulfilled. The
approximate validity of the following equation for the Hartree-Fock effective

Hamiltonian F must be proved:

RFR-1 1 Bi\FB, =2x1, )
where x is a constant.
LyBFR1— F)Lp=Lp(RFR1— F) L, =0. (8)
Eq. (8) is exact because
P = Prz» (9)
ViE = Vik

pjr are the Hartree-Fock bond orders; y;; are the one- and two-center electron
repulsion integrals. We are therefore obliged to study only the sum of diagonal
elements Fj; and Fy; and the sum of the off-diagonal elements Fyz and Fg of the

operator F' in the representation of the atomic orbitals:

Fy; + F = 2k + §(ps v + vy v57) +

+ 2, (pst + Py — Za— Zn) yi; + (10)
£
+ g pee — Z4) yes + (pg — Zm) 5] 5
7
Fio+ Fgp = — 30k yix + P v3p) » Gk,

The bond orders calculated by the SCF procedure no longer fulfill relationship (6)
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exactly but the deviation from this relationship can be considered as small:

Pk + Py = 2005% + ) (11)
where Aj is supposed to be a small number.
If the following symbols are introduced:

Vie=1% (v + vz Aje =% (yin — y3) » (12)
2u=2k+7, V=7, dyy=4,
the expressions (10) can be rewritten as follows:
Fip+ Fy=2u—9 2+ 5 (05— pp) A+ 2 5 Ay + V) +
¢

+2 3 [ps— pz— Za+ Zpl Ay, (13)
1%
Fik + Fp= — pix Ajk — Jax vz » (G # k).

If we start the iteration procedure using the Hiickel orbitals we get for the zero

approximation 70 of the Hartree-Fock Hamiltonian:

Tyt Py =20+ 30— P A+ 2 X0k~ ~ Za+ Zuldy - (13a)

Fjy+ Pl = — o Asx (7 # k).
[The relation (6) is exact for the Hiickel bond orders]. Eq. (13a) demonstrate that
the primary reason for the deviations from pairing properties are the differences
Ayx in the electron repulsion integrals. The diagonal elements of the density matrix
of the first order are primarily determined by the electronegativities so that we
can assume that the expressions (p}; — p%) and even (pj; — py) are nearly constant.
The quantities A;; for larger distances are quite small. On the right hand side of
the second Eq. (13a) these latter quantities are multiplied by the bond orders be-
tween nonadjacent atoms belonging to the same class. We can expect that these
bond orders will also not be too large. From these considerations it can be concluded
that the right hand side of the first Eq. (13a) is not too different from a constant
for the molecules studied, and that the right hand side of the second Eq. (13a) not
far from zero. The deviations from alternancy being not too important in the first
step, the quantities A;; expressing these deviations should be small. Therefore, the
right-hand side of the first Eq. (13) should also not be too far from a constant-
independent of the index § — and the right hand side of the second Eq. (13) should
be approximately zero.

Thus, one can expect for these systems the approximate fulfillement of the
same kind of pairing properties as stated in an earlier paper for the corresponding
Hiickel solutions of the same molecules.

The approximate pairing properties can be demonstrated by calculations on
the s-triazine molecule and on the (nonexistent) molecule 1,3,5,7,9-azanaphthalene
in which the parameters of all “nitrogen” atoms were assumed to be the same
(see the table). The parameters used in the Pariser-Parr-Pople approximation are
foc = —2.318 eV, fex = 2.700 eV, I¢ = 1142 eV, A¢ = 0.58 eV, Iy = 16.55 eV,
Ax = 1.78 ¢V. The I are the semiempirical ‘“‘ionization potentials”, the 4 the
semiempirical ‘“‘electron affinities”. The interatomic distances between nearest
neighbors were assumed equal to 1.39 A and the electron repulsion integrals were
calculated by the Mataga procedure.
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One can find for any SCF molecular orbital ]e;) of s-triazine or 1,3,5,7,9-
azanaphthalene an SCF molecular orbital |¢;> such that the corresponding MO
energies fulfill the relationship

g+ e =2 +¢&d; (14)
where %' = —7.188082 eV, | 4;| < 4-10~2 for s-triazine and »' = —7.108407 eV,
| 45| < 8:10-2 for 1,3,5,7,9-azanaphthalene. The differences between the coeffi-
cients in [s,} and RB1 |e;> are smaller than 6-10-3 in the case of s-triazine and
smaller than 4-10-2 in the case of 1,3,5,7,9-azanaphthalene.

The properties deseribed can be of importance not only for the s-triazine but
also for the aromatic compounds of boron and nitrogen.
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