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Approximate pairing properties are proved for the Hartree-Fock solutions for highly 
symmetric heteroatomie molecules. These molecules have an alternant topology and are built 
from two kinds of atoms in such a way that by an operation the atoms of one kind go over 
into the atoms of the second kind and vice versa. 

Es werden gen~iherte alternierende Eigensehaften fiir Hartree-Fock-LSsungen hochsym- 
metrischer heteroeyclischer Molekfile abgeleitet. Diese biolekiile haben eine alternierende 
Topologie, sic sind aus zwei Soften von Atomen in solcher Weise aufgebaut, dal3 die Atome der 
ersten Sorte in die Atome der zweiten Sorte - -  und umgekehrC - -  transformiert werden kSnnen. 

Des propri6t6s d'accouplement orbital approch6 sont prouv6es pour les solutions de type 
Hartree-Fock des mol6cules h6t6roatomiques hautement sym6triques. Ces mol6cules ont une 
topologie alternante et sont form6es de deux classes d'atomes de telle sorte qu'il existe une 
op6ration interehangeant les atomes des deux classes. 

Consider a con juga ted  molecule  wi th  two k inds  of a toms  A and  B, in which 
a toms  B are  the  neares t  neighbors  of  a toms  A and  vice versa,  and  for which there  
exis ts  an  opera t ion  R which in terchanges  the  posi t ions  of  a toms  A and  a toms  B. 
The  molecule has  an  a l t e rnan t  topology.  The  numbers  of  u-e lect rons  ZA and  ZB 
con t r ibu ted  b y  an  a t o m  of  t he  k ind  A and  B, respect ively ,  are  re la ted  b y  the  
re la t ionsh ip :  

ZA + ZB = 2 .  ( l )  

Tr iazine is an example  of  such a molecule. A reflection in the  plane,  perpendicu la r  
to  and  bisect ing a n y  C - N  bond  can be t a k e n  as R. The  u-e lec t ron  a pp rox ima t ion  
is assumed.  

A 
I f  t he  H a m i l t o n i a n  of  such a molecule  is H1, t he  I t a m i l t o n i a n  for a molecule 

ob ta ined  b y  app l ica t ion  of  R is /~/I1/~-1 = H2. I n  par t i cu la r ,  the  H a m i l t o n i a n / ~ a  

corresponding to  the  Hi ickel  approx ima t ion ,  t oge the r  wi th  t he  o p e r a t o r / ~ H h R  -1, 
fulfill the  equa t ion  defining the  pa i r ing  proper t ies  (el. [1]) : 

B1R/~h ~-1  -~- /~]tB1 = 2]~B 1 (2) 
where 

~A + O~B = 2k (3) 
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and 

~ = ZA - ~. (4) 

C~A and aB are Coulomb integrals for atomic orbitals on A and B, respectively. I_q: 
is the projection operator into the subspace of the atomic orbitals localized on the 
atoms of the kind K(K = A, B). 

Thus the following exchange relation holds: 
A 

l?L~t § LBR = 0 .  (5) 

Thus, to any Hfickel molecular orbital ]e > with an orbital energy e there 

corresponds a molecular orbital RB: Is> = -  BIR I e> with the orbital energy 
(2k - ~). 

The atomic orbital B is labeled j, if  it goes over into the atomic orbital A 
labeled by j, when the operation R is applied. I t  follows from the pairing properties 
of an even molecule that  

~j~ + ~ = 2 ~ (6) 

where pj~ k and p~ are the bond orders obtained by the t{/ickel method. 
The Theorem I of paper [9] (cf. [3]) formulates the exact conditions which 

garantee that  heteroatomic systems with alternant topology have pairing proper- 
ties in the Pariser-Parr-Pople approximation. Itere I will show that  the solution 
of the tIartree-Fock problem in the Pariser-Parr-Pople approximation for the 
kind of even conjugated molecules described earlier can have approximate pairing 
properties even if the conditions of the Theorem mentioned are not fulfilled. The 
approximate validity of the following equation for the I{artree-Fock effective 

tIamfitonian 2~ must be proved: 

where ~ is a constant. 
A 

LA( R ~ - I  -- F)  LB = LB ( / ~ R - - i  __ ~ ) ~ A  = 0 '  (8) 

Eq. (8) is exact because 

PJ~ = PTk, (9) 

Vj~ = Vik ; 

PSk are the I{artree-Fock bond orders; yj~ are the one- and two-center electron 
repulsion integrals. We are therefore obliged to s tudy only the sum of diagonal 
elements 2'~.j and _~  and the sum of the off-diagonal elements 2~jk and FN of the 

operator/~ in the representation of the atomic orbitals: 

~'jj + F?7 = 2k + :(pj j  ?jj p~ ~ )  + 

+ ~ (pt~ + p~ - ZA - ZB) )W + (10) 

+ ~ [(p~ - z . )  ~tj + (p~ - z ~ )  y ~ ] ,  
tr  

~ + ~,~ = - + p~ ~ ) ,  (i ~ ~). 

The bond orders calculated by the SCF procedure no longer fulfill relationship (6) 
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exactly but the deviation from this relationship can be considered as small: 

pj~ + p~  = 2@~ + ;~jk) ( l i )  

where 2jk is supposed to be a small number. 
I f  the following symbols are introduced: 

~j~ = �89 (~j~ + ~ ) ,  AI~ = �89 (7J~ - ~ ) ,  (12) 

2 # =  2 k A - y ,  Y Z = 7 ,  A j 1 = A ,  

the expressions (t0) can be rewritten as follows: 

F11 + .F-I] = 2/z -- y 211 + �89 (Pl] - i~ A + 2 ~.. ).tt(~,t~ + ~tl) A- 
t 

+ 2 ~ [iott-  io~ -- ZA A- ZB] At1, (13) 
tr 

I f  we start the iteration procedure using the I{fickel orbitals we get for the zero 

approximation ~0 of the I-Lrtree-Fock I~amiltonian: 

~ i  A- F~ = 2# A- �89 (P~ - P~ A A- 2 "fi. [P~ - Pa ZA § ZB] Atl ( iaa) 
t=] 

[The relation (6) is exact for the tItickel bond orders]. Eq. (13a) demonstrate that  
the primary reason for the deviations from pairing properties are the differences 
AI~ in the electron repulsion integrals. The diagonal elements of the density matrix 
of the first order are primarily determined by the electronegativities so that  we 
can assume that  the expressions (P~i -- po) and even (1oit -- loB) are nearly constant. 
The quantities Aj~ for larger distances are quite small. On the right hand side of 
the second Eq. (13a) these latter quantities are multiplied by the bond orders be- 
tween nonadjacent atoms belonging to the same class. We can expect tha t  these 
bond orders will also not be too large. From these considerations it can be concluded 
that  the right hand side of the first Eq. (t3a) is not too different from a constant 
for the molecules studied, and that  the right hand side of the second Eq. (13a) not 
far from zero. The deviations from alternaney being not too important in the first 
step, the quantities 2ie expressing these deviations should be small. Therefore, the 
right-hand side of the first Eq. (t3) should also not be too far from a constant- 
independent of the index ] - -  and the right hand side of the second Eq. (13) should 
be approximately zero. 

Thus, one can expect for these systems the approximate fulfillement of the 
same kind of pairing properties as stated in an earlier paper for the corresponding 
Hiiekel solutions of the same molecules. 

The approximate pairing properties can be demonstrated by calculations on 
the s-triazine molecule and on the (nonexistent) molecule 1,3,5,7,9-azanaphthalene 
in which the parameters of all "nitrogen" atoms were assumed to be the same 
(see the table). The parameters used in the Pariser-Parr-Pople approximation are 
f l c c =  -2 .318 eV, flcN = 2.700 eV, I c  = 11.42 eV, Ac = 0.58 eV, IN = t6.55 eV, 
A~ = 1.78 eV. The I are the semiempirieal "ionization potentials", the A the 
semiempirieal "electron affinities". The interatomie distances between nearest 
neighbors were assumed equal ~o 1.39 A and the electron repulsion integrals were 
calculated by the Mataga procedure. 
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One can find for any  SCF molecular  orbi tal  le t)  of  s-triazine or 1,3,5,7,9- 
azanaphtha lene  an SCF molecular  orbi ta l  ]e~) such t h a t  the  corresponding MO 
energies fulfill the  relat ionship 

e~ + e t = ~'  + e~ A~ (14) 

where n'  = --7.188082 eV, [d j  I < 4"10-a for  s-triazine and  n '  = -7 .108407  eV, 
] z]j ] ~ 8" 10 -3 for 1,3,5,7,9-azanaphthalene. The differences be tween the  coeffi- 

~ A  

cients m I~;) and RB~ [~j> ~re smaller than 6.10-~ m the case of ~-triazine and 
smaller  t h a n  4. i0  -a in the  case of  1,3,5,7,9-azanaphthalene. 

The  propert ies  described can be of  impor tance  not  only  for the  8-triazine bu t  
also for the  a romat ic  compound  s of  boron and  nitrogen. 
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